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1. STATEMENT OF THE PROBLEM 
The operation of a control system consists of three elemental processes ‘repre- 
senting the basic functions to be performed: sensing, signal-processing, and ‘actuation. 
Each process can be carried out by any of a large number of elements that are gen- 
erally classified into groups according to the function involved. A sensing element 
senses or measures some absolute or relative physical variable. An actuating ele- 
ment provides control action; it refers to the signal that activates a system to produce 
a desired motion. 
Signal processing generally refers to the conditioning and adaptation of flight pro- 
gram, celestial attitude, guidance, and navigation signals to the flight control system. 
The processing can be carried out by computers on board the vehicle or at some re- 
mote point from which it can be transmitted to the vehicle via data links. This subject, 
which is primarily one of applying proper coordinate transformations between signal 
loops, is excluded from the present discussion. Coordinate transformations in the 
context of launch vehicle guidance and control are discussed in Ref. 16. 
In addition, the number, complexity, and possible applications of the elements 
included in the broad categories of sensing and actuation are such that a reasonable 
discussion of each can not be included here. Of immediate concern are only those 
elements most extensively used in: measuring reference and stabilizing inputs to the 
controlled systems (launch vehicles); and actuating the prime movers that control 
these systems. The sensing elements discussed are gyroscopes, accelerometers, 
platforms, and angle-of-attack sensors; actuating elements are those utilizing elec- 
trical, pneumatic, and hydraulic power. A combination fairly representative of the 
state of the art in attitude control consists of gyroscopic instruments for sensing and 
electrohydraulic units for actuation. These components have therefore been singled 
out for more extensive treatment. 
The purposes of the monograph are to present the formulation of mathematical 
models for these sensors and actuators, applicable throughout the frequency range of 
interest, and to account for phenomena that can influence the results of analyses. 
Some of these phenomena are inherent in the operation of the hardware and should be 
recognized as such. Others can be avoided or minimized by imposing constraints on 
the design of equipment and/or on its installation. Therefore some functional require- 
ments are included in the discussion. 
The linear transfer function representation of inherently nonlinear systems often 
yields results having no real quantitative significance. Usually, more meaningful an- 
alyses can be performed with %quivalent linearff transfer functions that include non- 
linear characteristics as reflected by describing functions. The derivation of such a 
1 
describing function is presented, and the results are applied to an electrohydraulic 
position servo. Its usefulness in predicting stability characteristics is described in 
more detail in another monograph in this series (Vol. III, part I, Attitude Control 
During Launch). 
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?* STATE OF THE ART 
In the multiloop, multichannel feedback flight control systems of launch vehicles, 
sensors provide data inmts to which the systems should respond. Of all the physical 
variables used to describe the performance of the vehicles, only a few are used as 
primary references for stabilizing purposes. Angular rates have found almost uni- 
versal acceptance as the basic variables in stabilization networks. These rates, 
measured or derived, are usually coupled to attitude references to form the primary 
inputs to attitude control loops. Some secondary or auxiliary quantities, such as linear 
accelerations and angle of attack, or sideslip, are used where compensation or allevi- 
ation of certain conditions is required. 
A large variety of instruments has been devised to measure these variables. Al- 
though optical, radar, and other noninertial devices can be used either as references 
or to monitor references, present-day sensing for stabilization consists almost en- 
tirely of inertial electromechanical instrumentation. The rotating-mass gyroscope, 
with constraints tailored for the quantity to be measured, is still the mainstay for 
angular measurements. The seismic-mass, force-balance, and gyro-pendulum ac- 
celerometers and their derivatives are widely used for linear quantities. Combinations 
of these instruments are exemplified by the inertial platform, which forms the heart of 
most contemporary guidance systems and provides a good attitude reference. Angle- 
of-attack sensing is being done largely through pressure-differential measurements, 
although the simple aerodynamic vane is still called upon for some applications. 
The approximate transfer functions for these sensors have been established well 
enough to predict performance on a satisfactory basis. Improvements in mathematical 
representation has come mostly through better understanding of the “false” signals 
the equipment can generate and the description, and inclusion where appropriate, of 
these signals in the analyses of systems. Attempts to minimize these spurious signals 
are made through specification of functional requirements in hardware design and 
installation. 
To some extent, sensing technology can be said to be on the threshold of transi- 
tion. New discoveries, especially in the field of solid-state physics, are constantly 
being applied to the design of precision mechanisms. New instruments that take ad- 
vantage of the perfect inertial properties of atomic nuclei, of the nature of electrical 
resistance near absolute zero, or of some absolute constant such as the velocity of 
light have been conceived. Still in various stages of experimentation, these instru- 
ments indicate great potential for the not-too-distant future. 
Control elements are defined as those prime movers, suoh as aerodynamlo aur- 
faces and gimballed engines, that provide the forces and moments to stabilize and 
control vehicles. The actuating elements are the system components that aotivate 
the prime movers in response to commands ffom the sensing and guiding elementr. 
3 
The control system must meet both steady-state and transient performance 
criteria of power and accuracy. Practical considerations of control loads, weight 
and space, etc., lead to high power/weighl and power/volume ratio requirements for 
relatively precise motion control. Continuous variation of controlled parameters, 
such as large torques, velocities, and positions, must be achieved easily and rapidly 
with precision. To provide the required performance within the allotted system 
weight, space, and cost, hydraulic pawer (represented by electrohydraulic servo 
units) has been the overwhelming choice of designers, regardless of the method of 
control employed. 
To determine the characteristics of a servo system, the behavior of the compo- 
nents should be known and formulated in terms that describe their operation singly 
and/or in combination with others. Control and environmental characteristics that 
influence the performance of the servo unit must also be delineated and incorporated 
in the overall representation of the system. Most of the problems attendant to good 
mathematical modeling of the hardware stem from the nonlinear nature of its oper- 
ation; other nonlinearities (structural deformation, control friction, etc.) only empha- 
size the difficulties. Therefore, the formulation of a model usually involves some 
compromise. Semi-analytical tools such as the phase plane and describing functions 
have been successfully applied to obtain good approximations to system behavior. 
Computers, of course, have given us the ability to simulate nonlinear characteristics 
with some accuracy. This has allowed us to verify the validity of analyses and to 
refine designs without compromising the actual systems. 
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3. RECOMMENDED PROCEDURES 
3.1 SENSING ELEMENTS 
3.1.1 Gyroscopes 
An operating angular momentum gyroscope has two fundamental properties based 
on Newton’s laws of motion: 
a. Its momentum vector tends to maintain its inertial orientation. 
b. It senses the magnitude and direction of a disturbance. 
The inputs and outputs of a gyroscope 
are commonly described by three mutually 
associated axes, as shown in Fig. 1. Ap- 
plying a disturbing torque along either of 
the two axes transverse to the spin axis 
results in a motion (precession) that 
tends to align the spin axis with the di- 
rection of the applied torque. This pre- 
cession law is reversible in that a 
motion input results in a torque outplt. 
Applied to rotational motion, 
Newton’s second law states: 
‘f = J (%)I = ($)I 
where f is an applied torque vector 
J is the moment of inertia 
CJ is angular velocity 
g is the angular momentum 
ii I 
Precession or 
Output Atis 
Torque or 
Input Axis 
Figure 1. Axes of Gyroscope 
(1) 
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If a body is rotating, with angular momentum fi, with respect to a noninertiai 
frame of reference, “f, ” which has an inertial angular velocity, Cf, the time rate of 
change of fi referred to inertial space is given by 
(q = (gf +[af x q = T 
or 
[q = [qqf +[pfjIx (R),] = T’ 
(2) 
CW 
where the subscript I indicates “with respect to inertial space” and 
f indicates “with respect to noninertial frame of reference. ” 
Gyroscopes are generally classified in terms of the measurements they provide; 
e.g., rate gyros and directional gyros. They can also be classified by the number of 
restraints imposed upon the rotor spin axis (momentum vector). Thus a gyro sup- 
ported by two gimbals can have its orientation specified through two angular coordi- 
nates, usually given by the gimbal positions. Such a gyro is said to have two degrees 
of freedom (TDOF). 
YI 
Fig. 2 shows schematically the basic Inertial 
features of a TDOF gyro. Four sets of Reference’ 
orthogonal axes (x, y, and z) are defined, 2 I A xI 
with their origins located in 1) inertial 
space; 2) the gyro case or platform; 3) 
the outer gimbal, and 4) the inner gim- 
bal. All coordinate systems are as- 
sumed to have a common origin and are 
treated as such. 
Inner 
Gimbal 
AXids 
To relate the four systems to each 
other, the platform axes are first 
carried into the inertial frame of re- 
ference by successive Euler angle 
rotations Qx, ~5 , and gz) about the 
x axis, the disp aced y axis, and the 9 xP 
resulting z axis respectively. This 
results in the direction cosine 
matrix: Figure 2. Basic Features of TDOF Gyro 
6 
zl ay COB d,, COB 0x sin 0z sin 0x sin 0z - 
+ sin 0x sin 0y cos Oz, - COB 0x sin Oycos 0, 
-COB 0y sin (a,, COB Qx COB 0z sin 0, ’20s 0z 
- sin 0x sin dy sin Q’z,, + COB Q: sin 0y sin 0z 
sin 0 - 
Y’ 
sinOxcosO , CO8 0x COB 0 
- Y Y - 
“P 
I) 
Yp (3) 
zP 
Using the sin @ = 4 and cos 9 = 1 approximations for small angles, we obtain the 
following transformation. 
(4) 
Next the outer gimbal system (xl, yl, zi) is related to the platform by the single 
rotation, 8,, about the xp axis. 
(5) 
The pickoff angle, 8,, is usually servocontrolled to a small enough value to allow 
Eq. (5) to be written as a small-angle transfer matrix. 
X 
[11 yP z = p 0 -0, 01 Y 0 1. I U-V 
Similarly, the rotation, 82, of the inner-gimbal system (x2,y2;z2) about the 
outer-gimbal y1 axis yields the following relationship for the two gimbal systems: 
(7) 
and small-valued 82 gives 
III; x1 zYl = 8, 0 1 .l 0 -e2 0 1I
-X 
2 
-1 
y2 
z2 
(8) 
Other transformations between these coordinate systems can be obtained by the 
multiplication and/or inversion of two or more transfer matrices. 
The angular velocity of the platform, G 
P’ 
is defined in terms of its components. 
L3 
P 
= z w +F w +z &J 
Px PY PZ 
= cri +c +c3 
Px PY PZ 
(9) 
@a) 
The value of - relative to the inertial system can be obtained by starting fr.om 
the inertial axes an backing through the Euler angle transformation with rates -4, 
about the ZI axis, -$ about the intermediate y axis, and -$x about the original xp 
axis. This expressi& can be written 
tz p = z1 (Gz) + F’ (-id + xp (-Gx) 
where 7’ is a unit vector in the direction of the intermediate y axis, representing the 
second rotation in the Euler angle transformation. 
-, 
Y = yp cos @x + zp sin gx UW 
Inserti% ZI from the direction cosine matrix, Eq. (3), and the value of y’, Eq. 
(lOa), into Eq. (10) yields an expression of the form stated in Eq. (9), where, in mat- 
rix notation, 
8 
Again assuming small angles and neglecting their second-order terms, 
w s-i 
Px x - iz @y 
*PY 
= -6 y - iz @x (12) 
w x-i 
PZ z -;ygx 
The angular velocity of the outer gimbal, i3,, referred to inertial space, is that of 
the platform less that of the gimbal relative to the platform. 
*1 
- ‘3 -a lj 
P 1 1 (13) 
using Eq. (5), 3,, as given by Eq. (ll), can be transformed Into the outer gimbal 
system. Substitution of the results into Eq. (13) gives an expression of the form 
- 
% 
=“px+y w +z w 
ly lz (14) 
where 9.x -1 
H! 
0 -sin r$ 
Y 
iJx i1 
Yy = 0 ‘COS wx + 8,), cos@ysin(~x+81) i - 0 Y (15) 
?z 0 -sin (6, + 8,), IL1 [! 
-COS @y ~08 (4, + el) 4z 0 
The small-angle assumption reduces the expressions to 
wlx = x-@z@y -i ’ -4, 
wlY 
= iy+iz ax+f3, 
( > 
(16) 
?z 
ldj 
Z -iy Qx+el ( 1 
The inner gimbal angular velocity, (5,) referred to inertial space, is that of the 
outer gimbal relative to space less that of the inner gimbal with respect to the outer 
gimbal. 
@2 
-=o’-• 
1 - x2 82 
9 
(17) 
A transformation process similar to the one above Yields 
O2 = Z2Wx+~py+k2Wz 
where 
sin (gx + el) sin 8, 
-COS ex + 8,)) 
-sin (gx +el) cose2, 
For small angles, 
-. 
el 
I 
i2 
0 
l \ 
-5 -i G +e -4 w2x= x z y 2 ( > 1 
w2Y 
= -iy+iz ox+el 4, 
( 1 
O2z = iz - aykx +el)+(ix +e1je2 
siney cos 8, 
+c~~gy~~~ (ex +el) sine2 
cos 8y sin (gx + 8,) 
sin Qy sin 8, 
-cos tiy cos 8, +e 1) cos e, 
The above relationships can now be applied to Eq. (2) to derive the transfer 
functions of gyroscopic instruments used for angular measurements. 
a. Two-Degree-of-Freedom (TDOF) Gyros 
Applying Eq. (2) to the inner gimbal axis, 
p2)I = (R,)2 +[(czd x fi2] = T2 
where H2 represents the total angular momentum of the gimbal and rotor. 
ii2 = x2 ox Iax + F w I 
2 Y2Y 
+z’ w I +Z H 2 z2z 2r 
7 - 
, i- X 
iY 
iZ . - 
(19) 
(21) 
(22) 
10 
where H, is the angular momentum of the rotor (assumed constant) 
x2,y2; z2 are the principal axes of the inertia triad 
I2 are the corresponding principal moments of inertia. 
If we assume that w2z is negligible with respect to H, and that only those second- 
order terms multiplied by Hr are retained, appropriate substitutions will give the y2 
component of torque as 
T2y = ,I~x+~l+(@y+82)iz]-~2yify+ii2) 
This torque component can be equated to 
where D2 = an inner gimbal viscous damping factor 
K2 = an inner gimbal spring rate 
T’ = miscellaneous error torques and applied control torques 2m 
Including the gz term with the other error torques to form T2m, we have, in 
Laplace notation, 
+ D2s + K2 6, 
> 
- Hrsel = Hrdx - 12S2# 
Y 
- T2m 
(231 
(241 
(25) 
representing the inner-gimbal axis equation in terms of the pickoff angles, 8, and 82. 
Applying Eq. (2) to the outer-inner gimbal combination yields 
(“JI +(fi2X = (fiJ, +(fi2)2 + [Q x (% + i2)] = +1 (26) 
Expanding this expression as before to obtain the x1 torque component, the outer- 
gimbal axis equation, in terms of the same pickoff angles, 81 and 62, is given by 
[b +a> 1 s2 + Dls + K1 e1 + Hrse2 
= -Hr~y-(I,x+$x)s2~x-Tlm (27) 
11 
The solution to the pair of simultaneous equations, (25) and (27)) after some re- 
arranging, results in 
,,jl =[;r~f++-j-l],$x- Hrsb2s+K$;;;;-HrsT2m (28) 
and 
where 
A = Izys2 + D2s + K2 
B = (Ilx +I&),’ +Dls +K1 
If we retain only the terms multiplied by H, and neglect the damping factors and 
spring rates with respect to H,, 
T 
% 
=-qix+ g 
r 
T 
e,--0 -e 
’ r 
(30) 
(31) 
Thus the pickoff angles are nearly proportional to the actual motion of the plat- 
form. 
The two-gimbal system in an environment that permits unlimited vehicle rotation 
can induce a singularity referred to as “gimbal lock. ” Consider the relative gimbal 
orientation of the system shown in Fig. 2. A single possible 90” rotation of the plat- 
form (vehicle) about the y axis will align the xp axis along the negative z2 axis. A 
roll motion about xp at this point would consist of a rotation about the spin axis. 
Used in a control system, the resulting false signal would result in a singularity in 
the stabilization system. Inserting the square matrix of Eq. (11) and solving 
$ = f( wp) show that the equations themselves forecast the difficulty for, as gy - n/2 
radians, 0, and 0 z approach infinity. 
12 
Thus a 90” displacement of the inner gimbal with respect to the outer gimbal 
causes ‘gimbal lock. ” In practice, the rotation of the inner gimbal is usually re- 
stricted to C 90” and the gimbal is assigned measurement of motions least likely to 
exceed that value. A better solution for missions calling for larger angular rotations 
is to bypass the two-gimbal system in favor of a three- or four-gimbal system. 
b. Single-Degree-of-Freedom (SDOF) Gyros 
Fig. 3 is a schematic of a single-degree-of-freedom (SDOF) gyro mounted on a 
single-axis platform. We retain four descriptive coordinate systems as before, but 
redefine the axes in each system. 
SDOF 
1. Inertial space (x1, yI, zI) 
2. Vehicle o+ Yv’ zv) 
3. Platform @,9 Yp’ zP) 
4. Gimbal @x, Ys z) 
TDOF (Previously Defined) 
1. Inertial space (x,, yI, zI) 
2. Platform @ps Ypl zp) 
3. Outer Gimbal (xl, yl, zl) 
4. Inner Gimbal (x2, y2, z2) 
Since the resolution of the systems 
Platform Axis 
of axes is identical to that performed 
earlier, the inpul-axis equatfon can be Figure 3. Schematic of SDOF Gyro on 
obtained directly from Eq. (27) with ap- Single-Axis Platform 
propriate substitution of subscripts. Neglecting the Dp and Kp terms with respect to 
the platform inertia reaction torque, we can write: 
BP+0 = 
X 
pm (32) 
13 
, 
, 
Similarly, the gimbal pickoff angle, 8, 
from Eq. (25): 
8 
-IyS20 -Tm 
= 9 
Iys2 + Ds + K 
or the output-axis equation is obtained 
(33) 
In terms of the axis under consideration, the 
error torque and lumped with T,. t 
s20, input may be considered an 
The gyro outpu measurement is then approximated 
by 
8 = 
Hrs Cx + 8 
( > P 
- Tm 
I s2+Ds+K 
(34) 
Y 
where ~(0, + ep) represents the input rate, wi(s), of the platform on which the gyro is 
mounted. 
Several classes of gyroscopes constrained to one degree of freedom are repre- 
sented by this transfer function through the control of its characteristic parameters. 
3.1.1.1 Gyroscope Types 
Rate Gyros. A known spring restraint can be added, to increase the value of K such 
that 8 becomes nearly proportional to d(Ox + S,)dt, thus making the instrument a rate- 
measuring device. 
Assuming no error or control torques (T, = 0) , Eq. (34) can be written as 
3) = @&zl 
(35) 
The steady-state response to (35) is given by 
e(s) = Hr K wp 
or 
emu i 
which shows that if the input to a rate gyroscope is an angular velocity, Wit the output 
is an angle, 8, that is proportional to wi. 
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The choice of K is influenced to some extent by the rapid damping requirements, 
which necessitate high D/Iy ratios. Because of the desired proportionality, K must 
be tailored such that D/I, can be neglected with respect to K/Iy: Hence the natural 
frequency of a rate gyro (generally > 15 cps), tends to be on the high side with respect 
to some of the frequencies (rigid body, first few bending and sloshing modes) affecting 
the stability and control loops of launch vehicles. 
Rate gyros are readily available to measure maximum rates from less than 10 to 
more than 100 deg/sec with resolutions ranging from 1O:l to as high as 5OOO:l in some 
miniature components. Good subminiature fluid-filled units weighing less than 4 
ounces are also available with maximum rates of 15 to 1000 deg/sec and resolutions 
better than 2OO:l. 
Rate-Integrating (Displacement) Gyros. The theory of operation of a rate-integrating 
(displacement) gyro is similar to that of a rate gyro. The basic difference is that in 
the latter, the damping restraint is kept as low as possible while meeting the damping 
requirements, whereas in the former, the spring restraint is kept as small as possible. 
The result is that Ds in Eq. (34) becomes the dominant factor in the characteristic 
equation and 8 is nearly proportional to (0x + BP). 
In (34), let K = 0 and neglect T,. After some rearranging, we can write 
t(s) = 
H/D 
(36) 
which has a steady-state response 
H 
$s) D’ =- 
? 
or 
e= 
/ 
wi dt 
Since lui dt represents a total angle, the precession (outIW) angle, 8, is pro- 
portional to the total input displacement angle. 
The dynamic response of such a gyro in the frequency range of interest can there- 
fore be adequately represented by a first-order lag with a time constant (characteristic) 
of Iy/D, which is usually measured in milliseconds. 
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These gyros are always used in null-seeking servo loops whose error signal is 
provided by the gyro precession axis output. Thus very little angular motion need 
take place about this axis; this is usually limited to *2”. In a “strap-down” applica- 
tion, the slower vehicle response when compared with that of a gimbaled platform 
leads to larger gimbal errors before flight corrections can be made. “Wide angle” 
gyros with gimbal freedom of *lo” or more have been developed and are used for 
this purpose. 
Integrating Gyros. If both the spring and damping restraints are kept small with re- 
spect to the rotor inertia, 8 becomes proportional to ](0, + s)dt, producing an “in- 
tegrating gyro. ” 
Let K = D z 6 in Eq. (34) and neglect T, as before. The resulting expression can 
be written 
H 
$ (s) = f 
i Y 
(37) 
Manipulation of (37) will show that 
e= 
/ 
(Total angular displacement input) dt 
In practice, some small damping is provided by the viscosity of the fluid in 
which the gimbal is floated, whereas the spring restraint is almost entirely elimi- 
nated. A better representation, therefore, is that of a first-order lag with a high 
time constant. 
Gyros of this type are capable of very high accuracy and are usually employed in 
conjunction with platforms in inertial-navigation systems. 
Neglecting the spring and damping restraints in Eqs. (32) and (33) and eliminating 
8 yields an expression for the input (& + BP) with a characteristic equation 
(Ix + Ipx)s2 + Hr2/Iy 
The roots of this equation, fj Hr 141 (& + b>, 
iI 
represent the frequency at which the 
undamped gyro platform tends to osci ate; i.e., its natural resonant or “nutation” 
frequency. 
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3.1.1.2 Displacement Gyros 
The primary function of a displacement gyro is to provide an accurate angular re- 
ference. On a vehicle, three such references are required to establish an attitude 
reference triad associated with the vehicle pitch, yaw, and roll axes. Inputs to the 
reference axes of body-mounted gyros include vehicle angular motion and signals to 
the torquers from open-loop steering programs and closed-loop guidance. 
This angular reference can be obtained from many sources, such as SDOF gyros, 
TDOF gyros (two required), inertial platforms (particularly if inertial guidance is 
contemplated), and noninertial-type sources (optical, radar, etc.). In general, con- 
sideration of the missions and the guidance required dictates the type of sensors to be 
used, although the weight, power requirements, and reliability of present-day noninertial 
instruments place them at a disadvantage. The TDOF gyro has several minor disad- 
vantages when its construction is considered. Excursions off-null are more limited 
than for the SDOF gyro. Methods of torquing also present difficulties. Although TDOF 
gyros compete with SDOF gyros for platform and aircraft applications, where acceler- 
ation levels are lower, they do not appear to compete favorably for strapped-down ap- 
plications in launch vehicle environments. 
As a primary attitude sensor, therefore, a system of SDOF, floated, rate-inte- 
grating gyros mounted in such a manner as to assure orthogonality has many 
advantages: 
a. No preflight package alignment is required other than at the time of installation, 
and no additional computations are required. The gyros, however, must be 
caged until just prior to launch. 
b. Relatively accurate open-loop maneuvers can be performed without guidance 
sensing, commands, or computations. 
c. When closed-loop guidance is carried cut, the contribution of the attitude refer- 
ence drift to guidance errors is acceptably small. 
The disadvantages of such a system for use with a guidance system employing a 
continuous attitude reference are: 
a. The control system gyros are series-dependent, thereby degrading reliability. 
b. The drifts of the gyros, although small, represent additional sources of error in 
the system. 
From a functional standpoint, a gyro consists of its basic mechanical components 
and electrical accessories (pickoff, amplifiers, torquer, etc. ). Thus transfer 
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functions can be written for gyro output-to-inertial input and for gyro output-to-torquer 
input. The units of the transfer function depend on the implementation of the signal- 
pickoff /signal-amplifier combination and the torquer/torquer -amplifier combination. 
Data may be analog or digitally encoded at the inpnt and output. 
The signal pickoff is operated in a null-seeking servo loop. High sensitivity and 
low drift (or null shift) are the dominant requirements, while constancy of scale factor 
is subordinate. Either analog or digital (pulse) encoding of pickoff information can 
easily satisfy these requirements. Therefore, the method of encoding may be chosen 
to simplify mechanization of the remaining portions of the flight control system, thus 
enhancing reliability. Conversely, torquers or torque motors have severe scale factor 
constancy requirements if open-loop maneuvers are to be performed by applying pre- 
set torque-time histories. Consequently, the implementation (should one implemen- 
tation offer significant accuracy improvement over the other) should be selected to 
meet the accuracy requirements. 
a. Analog-Torqued Gyros 
Fig. 4 shows a typical application of an analog-torqued gyro in a launch vehicle 
control system. The gyro senses the angular rate of the vehicle turning about its in- 
put axis and precesses about its output axis through an angle proportional to the time 
integral of the input axis rate. The gyro signal generator produces a signal propor- 
tional to this displacement, and this signal, properly shaped and with appropriate 
gain, is used to deflect the control vector, creating a vehicle rate about the gyro in- 
put axis in the proper direction to null the gyro outmt displacement. (The vehicle is 
thus made to follow a trajectory with an inertially fixed attitude.) 
To alter vehicle attitude, the gyro torquer applies a torque about the output axis 
of the gyro. This torque causes an angular deflection of the gyro about the output 
axis similar to that caused by an input axis rate. The vehicle is thus commanded to 
turn at a rate sufficient to drive the output axis deflection to zero. Upon removal of 
the output axis torque, the vehicle again assumes an inertially fixed attitude rotated 
through an angle proportional to the time integral of the applied torque. Since the 
torquer amplifier is continuously connectedto the torquer, any noise or null error 
(offset) in the torquer amplifier causes a torque input to the gyro and consequently a 
time-integral error in the gyro displacement. Similarly, any scale factor shift or 
gain drift in the amplifier causes an accumulating error proportional to the commanded 
attitude change. 
Functional Requirements. Gyro functional requirements should be made up of all 
items that can affect launch vehicle stability and control, from the mounting of the 
instruments to the torquer input characteristics. Other requirements; primarily 
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Figure 4. Typical System Using an Analog-Torqued Gyro 
concerned with guidance compatibility, environmental loads, thermodynamics, etc. , 
do not form part of this discussion. 
The mounting (packaging) of displacement gyros should be such as to minimize 
local elastic deflections. Further, their “placement” or allowable positioning should 
be restricted. If vehicles were completely rigid, displacement gyros could be posi- 
tioned anywhere on the launch vehicle (longitudinally and laterally). However, ve- 
hicles are not rigid, and elastic deformations (bending) do exist. These elastic de- 
formations are sensed by the gyros in the same manner as rigid-body attitude errors 
are sensed, and the resultant gyro output consists of the superposition of these signals. 
Restricting the gyro placement to those portions of a launch vehicle where the elastic 
deformations (especially of the lower elastic modes) are small results in spurious 
oscillation amplitudes usually below the response threshold of the engine-actuator 
system. 
The pitch and yaw first modal deflections are generally largest at the extreme 
ends of a vehicle; thus these locations should bs avoided for pitch and yaw displace- 
ment gyro positioning. Midbcdy positions present better alternatives. Inter&age 
adapter areas are also worth considering in configurations employing relatively long 
upper stages; e.g., the Atlas-Agena combination. Torsional frequencies tend to be 
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widely separated from the control frequency, so that roll gyro placement is satisfied 
on a firm structural mount that is relatively free from local deformations. The ex- 
treme ends of a vehicle, where torsional deflections are greatest (for first torsional 
mode) should be avoided. 
Ideally, the gyro input axes form an orthogonal triad congruous with a defined 
autopilot reference triad. The error in gyro alignment has two sources: the 
nonorthogonality of the three gyro input axes determined by the gyro mounting 
within the gyro package; and the noncongruity of the gyro package with the auto- 
pilot reference axes determined by the gyro package mounting on the structure. 
The primary effect of gyro misalignment on stability is the introduction of cross- 
coupling between control channels. This crosscoupling should be looked into, 
although its effect can be shown to be negligible on some vehicles. This is demon- 
strated in the following brief analysis carried out for an existing liquid propellant 
vehicle. 
Assume a control system with coupling betieen pitch and yaw due to a mis- 
alignment (noncongruity) of the gyro package by angle c about the roll axis. Fig. 
5 is a simplified block diagram of the pitch and yaw channels of a control system, 
including the noncongruity crosscoupling terms. The small-angle approximations, 
sin c Y, cos Q= 1, and c2 ‘0, have been assumed. 
Fig. 6 shows typical root loci with c = 0 and d = 10”. The original locus 
divides into two loci, which, for small c , are extremely close to the original. 
As can be concluded from the figures, misalignment of less than 10’ is tolerable, 
5O acceptable, and lo negligible from the standpoints of stability and control. A 
similar effect is obtained for yaw and roll. 
In the case of gyro-to-package misalignment (nonorthogonality), one of the 
crosscoupling terms in Fig. 5 is zero while the other is not. Therefore, only 
one channel would exhibit the split loci. The effect on stability is identical. 
A displacement gyro is subject to, and must respond to, angular accelerations 
and rates stemming from various torques applied to the vehicle, A displacement 
limit should therefore be stipulated as a maximum excursion, about the input axis, 
that does not cause the gyro to reach its mechanical limits about the output axis. 
These limits should be set from consideration of all intended applications of the 
launch vehicle with regard to: the steady-state “bucking” of commanded body 
rates; anticipated flight transients and oscillatory demands from winds, gusts, 
staging, etc. ; steering or guidance requirements; and compatibility with control 
capability during periods of greatest potentfat demands. 
Fig. 7 presents the results of a survey of a number of light-payload mis- 
siles to determine the demands placed on the displacement gyros in flight, The 
magnitude of the displacement gyro excursions was obtained from telemetry 
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Figure 5. Control System Block Diagram, Including Displacement 
Gyro Noncongruity 
records of 51 flight articles. (The number of entries exceeds the sample size 
since there were several entries per sampie.) These data do not include the roll 
program displacement, since this is highly mission-dependent. 
With a rate-integrating gyro used as an attitude reference instrument, the 
allowable linearity error can be quoted in percentage deviation from the nominal 
straight-line fit (passing through the origin) of the gyro gain data. The threshold 
is that level below which the output will not be expected to track the input. How- 
ever, the output will be expected to stay below the value associated with the thres- 
hold as long as the input is below this value. Specifying threshold is necessary, 
since the percentage deviation for linearity cannot be carried to zero input. These 
data should be measured at frequencies low encxlgh to avoid dynamic effects. 
Fig. 8 shows this characteristic. 
. 
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“stiction,” and typically the 
stiction rate is < lO’/hr. 
For rates above that re- 
quired to overcome the Figure 8. Gutput Linearity and Threshold Approxi- 
stiction, there is some mations for Rate-Integrating Gyros 
bearing friction torque that 
is even smaller (gyro drift). 
Stiction can be ignored if it is assumed that the input angular rate to the gyro 
is in excess of the stiction rate at all times during flight. This should be a valid 
assumption, in that a stiction rate of 0.003’ /set should be well below the thres- 
hold of most flight control system channels. Since the gyro is subjected to the 
small limit cycle (around this threshold amplitude) usually present on a launch 
vehicle, input rates will be higher than stiction rates, and the approximation of 
Fig. 8 becomes valid throughout the flight mode. 
Gyros should be linear within their expected range of inputs, allowing for the 
full travel required of the control system. Threshold limits for stability and con- 
trol applications depend on, and should be set below, the threshold capability of 
the control-actuation system. Limits 5; 0.02’ are well within the state of the art. 
Having the highest frequencies of concern (- 40 radians in bending and slosh- 
ing) remain somewhat below the gyro corner frequency allows transfer function 
representation by a constant gain factor in all but the most critical analyses. 
Further, constancy of transfer function during flight is highly desirable, to avoid 
variations in the compensation required. This applies particularly in the pitch 
and yaw axes. In roll, the rigid body control mode (frequency range 0 W 2.5 cps) 
is the only mode of concern, because the parasitic modal frequencies (torsional 
males) are usually on the order of 12 cps or higher. Therefore, it is not necessary 
to require a flat response over a large frequency range when the roll displacement 
gyro is used in conjunction with a roll rate gyro, although such a response ie 
satisfactory. The frequency at which the response deviates from “flat” merely 
affects the electronic compensation (lag filtering) required to “roll off’ the system 
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response. With a lead filter (derived rate) network replacing the roll rate gyro, the 
lead filter circuitry requires additional “poles” (or lags) to obtain the required signal 
shaping for noise suppression as well as for system stability. As such, the system 
becomes more sensitive to phase uncertainties at lower frequencies. For some appli- 
cations, it should be required that the roll displacement gyro response be flat over a 
large frequency range to minimize gain and phase uncertainties at the lower frequencies. 
Gyro nulling, steering programs, and guidance commands are generally intro- 
duced to the closed-loop control system via torquer command inputs. Steering intro- 
duced as a series of rate levels to the torquer (see Fig. 9) presents no difficulties, 
providing the levels are of small amplitude and sufficient time is allowed between the 
levels. Guidance commands through a decoder may appear as a series of steps, each 
of small duration t. A simple lag inserted between the guidance decoder and the 
torquer amplifier will serve to avoid a forced oscillation at the (l/t) cps frequency. 
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Transfer Function. Fig. 10 is a typical block diagram for an SDOF rate-integrating 
gyro. The ingut signal sources are: the vehicle rate of motion, wi; and the commands, 
Ei (from steering or guidance), to the torquer. 
Ei (~1 
- KT+(“) 
I 
Rate 
1 B,(s) 
K 
EoW 
IS2 
P 
Ds 7 
Figure 10. Block Diagrmz Integrating Gyro 
The transfer function is obtained from Eq. (36), where 
K = 0 (rate integrating gyro) 
s (ox + ep) = up 
- Tm = Ei KT GT(s) 
where KT GT(s) is the torquer transfer function 
giving 
cow = 
Hr wi + Ei KT GT(s) 
Is2 +D s 
Then the respective transfer functions are: 
Command Torques 
EO 
KPKT G 
y-- (5) = + DI T 
(S) 
i ys+l 
(36) 
(39) 
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Input Axis Rates 
EO 
KP Hr - 
- (8) = + I D 
9 rs+l 
where E, = Kp 8,. 
The total transfer function is: 
KP 
E. =$ D 
s+l 
Hr wi + Ei KT GTW 1 
(40) 
(41) 
If we assume that I/D is very small and that the gyro can be represented by some 
gain factor, KG, in a given frequency range, then the gyro-outputkorquer-input 
transfer function can be given by 
EO 
-@) = +) 
Ei 
(42) 
where 7T is the torquer time constant (rT 5 10 milliseconds). 
A similar approximation can be made for the gyro-output/input-rate transfer 
function. 
It should be pointed out that tailoring or specifying the inlxts to the torquer, 
rather than the torquer transfer function itself, is a common method of insuring the 
stability of a vehicle. 
b. Pulse-Torqued Gyro 
In a pulse-torqued displacement gyro system, calibrated pulses rather than 
amplitude-modulated signals are fed to the torquer. Accurate torquing requires 
pulses having fixed amplitude and duration. ‘Ihis replaces the linearity requirement 
of the analog system with one of constancy. These pulses displace the gyro angular 
reference attitude incrementally, assuming that the angular momentum of the gyro 
remains constant. This introduces “granularity” or quantization errors. 
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When employing fixed-amplitude and -duration pulses, the gyro reference attitude 
can assume only discrete attitudes separated by an incremental angle, Ae, represented 
by one pulse. Since the incremental angle is proportional to the amplitude and duration 
of the applied torque pulse and is inversely proportional to the gyro angular momentum, 
these may be adjusted to arrive at a specified granubIrity. 
In order to rotate the gyro reference at some average angular rate (o ), it is 
necessary to generate the pulses at some average rate, represented by theav$lse rep- 
w w 
etition frequency (PRF), which is equal to 2 pulses per second or 2 X T pulses 
per cycle, where T is the cycle time of the programmer or guidance system in seconds 
per cycle. For example, if 
At3 = 0.01" /pulse 
w = lOO/sec 
avg 
T = 1 set/cycle 
PRF = 1000 pulses/cycle 
PRF 
Using the same A8 and T, the smallest nonzero wavg attainable is equivalent to a 
of 1 pulse/cycle, or oavg = 0.0 lo /sec. This illustrates some other important 
specifications: minimum and maximum average torquing rates. These are used by 
the designer in specifying the cycle time and maximum PRF. Once the cycle time 
and PRF are arrived at, there are several ways to implement a programmer; e.g., 
a gated clock or a binary rate multiplier. These, however, fall outside the scope of 
this monograph and will not be treated here. 
A pulse gyro may be operated directly with an analog signal autopilot. Fig. 11 
shows that the torquer is not in the closed-loop portion of the autopilot but represents 
the external input to the system. Comparison with Fig. 4 shows that the closed-loop 
portion of the autopilot remains unchanged. only the displacement gyro torquer and 
its input change from analog to digital (pulse) encoding. As long as the pulse repetition 
frequency (or a subharmonic of it) does not coincide with the launch vehicle modal fre- 
quencies, the stability of the closed loop will not be appreciably affected by the torquing 
pulses. An additional restriction must be placed on the pattern of pulses applied to the 
torquer by a programmer and/or guidance. Since this pattern is impressed on the 
attitude control system, forced oscillation is possible and should be analyzed carefully. 
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Figure 11. Typical System Using a Pulse-Torqued Gyro 
Fig. 12 shows an alternate implementation whose dominant feature is the intro- 
duction of an additional feedback loop around the gyro. This loop keeps the gyro cut- 
put axis near null and operates in the following manner. 
Any deviation of the vehicle attitude from the gyro reference attitude is detected 
and amplified. If the resultant signal exceeds the threshold, a flip-flop is triggered, 
and a pulse of calibrated amplitude and duration is fed to the torquer to move the gyro 
through an angular increment, A& This same pulse is added to a reversible binary 
counter, converted to an analog signal, and used in the analog portion of the autopilot 
in a manner similar to the attitude error signal employed in the analog signal autopilot. 
The advantage of such gyro rebalancing is that the gyro spin motor wheel remains 
near the null position at all times. This allows very small “expected angular excursions. ” 
Therefore, small size and/or more accurate compensation of g-sensitive or off-null- 
sensitive drift should be possible. 
The requirements for a pulse-torqued gyro are the same as for an analog-torqued 
gyro with the exception of those applicable to the torquer. 
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Gyro with Pulse Rebalance Feedback 
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Care must be exercised in selecting a pulsing technique that minimizes the ex- 
citation to the control system. A good choice would be one that provides uniform 
spacing of pulses over the cycle period without degrading the accuracy of the gyro 
system. Stability constraints may have to be imposed on other system parameters, 
in lieu of conditioning this type of torquer input signals. The parameters referred to 
are: the minimum attainable rate level, o mm; the maximum required rate level, 
w max ; and the minimum all~able increment of displacement. 
The minimum increment of gyro displacement is obviously equivalent to the pulse 
weight, A8’/pllse, which is a function of pulse amplitude and duration. This establishes 
the “pointing” granularity and is important in obtaining accurate vehicle orientation. 
Guidance reorientation and a roll program that establishes launch azimuth are examples 
of maneuvers that depend on the specification of A0. To preclude a forced oscillation, 
the pulse trains from the programmer and guidance system should be compatible. 
Large, low-frequency pulsing commands can degrade system stability margins and 
should be avoided. Keeping the pulse weight below the control-actuating system thres- 
hold provides another means of minimizing the incidence of forced oscillations. 
The stability and response characteristics under the influence of the pulse-torquing 
commands depend enough on the particular application to require a complete analysis 
for each configuration. 
3.1.1.3 Rate Gyros 
A common method of stability compensation in launch vehicle attitude control 
systems is the introduction of rate information. The angular rate of motion of a 
vehicle may be measured directly from a gyroscopic device or indirectly from the 
integration of some acceleration signal as well as from the differentiation of a dis- 
placement measurement. 
A rate gyro measures angular velocity by measuring the gyroscopic torque that 
accompanies, and is proportional to, this angular velocity. An angular rate about 
the input axis causes a precessional torque about the output axis, which is reacted 
upon by the torque of the spring restraint. In the steady state, the output axis angular 
deflection is then proportional to input axis angular rate. A signal pickoff encodes 
the angular deflection of the output axis. 
In launch vehicle applications, the rate signals so generated are used in conjunction 
with an attitude reference instrument (e . g. , displacement gyro) signals to provide the 
damping required to stabilize the control loop. 
a. Functional Requirements 
Since the primary function of rate gyros is stabilization, stability and control con- 
siderations dictate the basic requirements for rate information. Most other 
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requirements come in the form of constraints placed on the implementation of the rate 
Rate gyros that are physically attached to a vehicle structure detect total case 
motion (or vehicle motion) with respect to inertial space. The gyro .cannot distinguish 
between rigid-body motions (the motions actually being controlled) and those due to 
vehicle elastic deformations. These elastic deformations are generally significant 
in pitch and yaw. By placing the pitch and yaw rate gyros forward of the first mode 
antinode, this mode may be phase-stabilized during those portions of flight for which 
the first mode is not strictly gain-stable (disregarding phase). The gyros, however; 
should not be located so far forward as to sense large signals at the first mode fre- 
quency. The torsional mode excitation sensed by the roll rate gyro is usually small 
and of high enough frequency that any position that avoids local elastic slopes is satis- 
factory. The extreme ends of the vehicle, where torsional slopes are greatest (for 
first torsional mode), should be avoided. 
Rate gyro alignment is made up of two components: orthogonality (gyro-to-pack- 
age) alignment; and congruity (package-to-vehicle) alignment. The total gyro-to- 
vehicle alignment is a root-sum-square (RSS) value of the two misalignments. Proper 
manufacturing techniques can restrict the nonorthogonality to 0.3’ or less. As a re- 
sult, the congruity alignment assumes more importance. 
As for the displacement gyros, the primary effect of misalignment on stability 
is crosscoupling between channels. Fig. 13 is a simplified block diagram of the pitch 
and yaw channels showing the crosscoupling terms due to a misalignment of the gyro 
package by the small angle, c , about the roll axis. Fig. 14 shows the results of an 
analysis performed on an existing vehicle; the original locus divides into two loci. 
In case of nonorthogonality, one of the terms of Fig. 13 is zero. Therefore, only 
one channel would exhibit the split loci. 
Driving a rate gyro to its mechanical stop does not necessarily constitute a 
failure but is to be avoided where possible. A rate limit should therefore be stipulated 
for a maximum angular rate about the input axis that does not cause the gyro to reach 
its mechanical limits about the output axis. In establishing limits, the governing fac- 
tor should be the flight transient and oscillatory rate demands arising out of the con- 
figuration requirements that react most strongly to environmental torques. Further, 
the roll requirements must consider the large liftoff transients that result from small 
differential offsets in booster engines yaw/roll alignments that remain uncorrected 
unless control is activated immedatiely at liftoff. The lower moment of inertia about 
the roll axis can give rise to increased roll rate requirements due to this cause alone. 
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A survey was made of a number of payloads: very light (Nike-Zeus Group A), 
light (weapon system delivery missiles), and heavy (LV-3/Agena) Atlas launch vehicle 
configurations to determine the demands placed upon the rate gyros in flight. Fig. 15 
presents the magnitude of the rate gyro excursions obtained from telemetry records 
of 65 flight articles (4 Nike-Zeus, 51 weapon system delivery, and 10 Agena). These 
data do not include the roll program rates. 
b. Transfer Function 
As seen in Eq. (35), the response of a rate gyro (Fig, 16) can be adequately re- 
presented by the characteristic second-order transfer function. 
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(s) = (43) 
where 
E 
0 
= KpBo 
s = Kp H/K 
The dynamic response requirements and required damping characteristics largely 
determine the rate gyro undamped natural frequency. If the desired response is flat 
or has a minimal phase shift to some frequency, then O+ should be approximately 
1.4 times that frequency. If dynamic inertial coupling is present, uR should be even 
higher, so that when the effects of dynamic natural frequency depression are included, 
the apparent UR will still be high enough. 
The frequency to which a flat gyro response is desired should be that of the highest 
frequency/phase-stabilized bending mode, uB. 
With the application of a factor of two to allow for dynamic coupling, etc. , a 
plausible natural frequency appears to be 
“R 
> 2 (1.4) WB 
In general, the advantages of high-natural-frequency gyros are: 
a. Less amplitude and phase uncertainty over a broader frequency range. 
b. Better environmental resistance, primarily in gyros with integral gimbal sus- 
pension and restraint. (Increasing UR increases the gyro spring constant, which, 
in turn, increases the transverse stiffness of the gimbal support.) 
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c. Low crosstalk. 
d. Low torsion spring stress; 
The disadvantages are: m 
a. Small pickoff output; 8 is inversely proportional to 0~~. 
b. The gyro may respond to unwanted high-frequency rate components. 
The latter factor should not constitute a major difficulty, since large high-fre- 
quency attenuation is usually provided by other control system components. 
The upper limit of the damping ratio can be determined by observing the phase un- 
certainty relative to some selected minimum, CR. For example, assume rRmi = 0.40 
at aB = 40 rad/sec for a given %. Now say that a value of bj, = 0.80 yields a p R ase 
band on the order of 15’ at the same WR. This 15’ phase uncertainty can be handled by 
phase stabilization in compensating for an elastic mode. Then, the range 0.40 g CR h 
0.80 would provide acceptable damping ratios. 
For rate gyros used in a roll channel, the requirements are more flexible. The 
parasitic modes in the roll plane (torsional modes) occur at relatively high frequencies 
(12 to 15 cps and higher); consequently, the rigid-body control mode (frequency range 
of 0 to 2.5 cps) is the only mode of concern. In the absence of lower parasitic modes, 
precise electronic stabilization networks are not required. The primary requirement 
is to roll off the system response at a frequency less than the fundamental torsional 
mode. This flexibility, inherent in most roll channels, precludes the need for specific 
requirements (2R and uR) for the roll rate gyro dynamic characteristics. Gyro se- 
lection may be made simply by examining the dynamics of the gyros and making re- 
commendations based on the roll channel implementation required. 
It is also possible to obtain rate information from a rate integrating gyro. ‘Ihis 
is accomplished by placing a nulling amplifier around the gyro such that the output be- 
comes proportionnl to angular rate. As an example, consider the rate integrating 
gyro of ‘Fig. 10, with a feedback signaI, KF, as shun in Fig. 17. 
Let 
Then Eq. (41) becomes L ,-,-,----A 
. 
E. = 1 
Kp/D 
a (I/D)s + 1 
Figure 17. Rate Information From a Rate-Integrating 
G~rro 
i - KF KT GTW E. 1 
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This reduces to: 
EO L= KP Hr 
w. 
1 Is2 + Ds + KF Kp KT GT(s) 
(45) 
which is the gyro output/input rate transfer function. 
It can be seen that the electric restoring force (KF KP KT GT) is equivalent to 
the spring K in Eq. (43) for a spring-restored rate gyro. The damping of this second- 
order system depends upon the feedback gain (hence frequency) chosen. 
As in displacement gyros, there is some level of input (threshold) to a rate gyro 
below which the output will not track the input. In addition, some output (null offset) 
can be expected with zero input rate, since the gyro output device cannot be precisely 
aligned with the spring restraint. Thresholds are usually accepted at relatively low 
values (< O.O2’/sec), below those of control-actuating systems. Their effect on 
stability is mostly negligible. The effect of a null offset is identical to that of a con- 
stant displacement error, where the signal is added to that of the attitude reference. 
A guidance command of some sort may be required to cancel out this error. 
3.1.2 Accelerometers 
Although not widely used as primary sensing elements for the stability and control 
of launch vehicles, accelerometers are included here because they form an integral 
part of platforms. At least one vehicle(2) employs a form of accelerometer to pro- 
vide angular rate information. 
Most accelerometers are based on a common principle of operation: the measure- 
ment of the motion of a restrained mass when it is subjected to acceleration. Variation 
of parameters allows some instruments to be used to measure acceleration, velocity, 
and displacement, depending on the implementation of the basic principle and on the 
portion of the frequency range employed. 
3.1.2.1 Seismic Accelerometers 
A typical elastic-constraint type of accelerometer is a proof mass suspended by 
a spring that obeys Hooke’s Law. The deflection of the spring is proportional to the 
applied acceleration. This type of accelerometer is representative of the basic 
principle of operation and is shown functionally in Fig. 18 as a damped spring-mass 
system. 
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Summing up the forces acting on 
the mass: 
M(C -Z)=KX+D~ 
Rearranging, 
notation, 
+ (8) = 
i 
- W (46) 
we have, in Laplace 
M 
Ms2 +Ds +K 
(47) 
where Ai represents the total 
input acceleration (k + g), to 
the instrument. Therefore, in 
standard form, we have 
::: ::: iii ::: ::: ::: ::: ::: ::: ::: ::: 
Figure 18. Accelerometer Schematic 
X 1 -= 
Ai s2 + 2 Qm + Id2 
where 
r , 
w= ,/K/M = natural frequency 
and 
c = 4 @% = damping ratio 
Including the sensitivity, KS, as the third parameter required to specify the 
response, we have the overall accelerometer transfer function: 
X K S -= 
Ai s2+2cws+w2 
(48) 
Given a high spring constant, K, the output, X, is proportional to Ai, and the 
.instrument is a true accelerometer measuring total acceleration. If the damping pro- 
vided is sufficiently high that the Ds term predominates, the output is proportional to 
5% d t, and we have sn accelerometer (velocity meter). A high Ms2 term 
yields an output d t for a double integrating accelerometer (dis- 
tance meter). 
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The natural frequency, m, applies to systems where the damping has no 
effect on either the spring constant or the suspended mass. In a fluid-damped system, 
a fluid mass must be moved by, the proof mass to obtain the required damping. ‘Ihe 
frequency of such a system(‘) can be approximated by 
where 
A1 = area of proof mass 
A2 = area of fluid in space around the proof mass 
m = mass of fluid in space around the proof mass 
The accuracy of these spring-mass instruments depends largely on the accuracy 
of the spring. Nonlinearities, hysteresis, and other properties of the spring result 
in output errors. Thus these instruments are generally less accurate and have a 
smaller range than the force-balance or servo types. 
The accelerometer can also be adapted to record linear and/or angular acceler- 
ation in all combinations. Consider the instrument shawn schematically in Fig. 19. 
The equation of motion can 
be determined by equating the 
inertial moments, I, and the 
base moments, B, due to 
restraints K, the gimbal spring, 
and D, the damper. 
c “e 
= M2J2 j; 
ii I ;;;;;;r 
(1) Reference 
l * 
- M2 l2 
2 
8 Figure 19. Spring-Rebalance Accelerometer 
-M i, 1 12 ii -MIkI% 
(59) 
(51) 
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Equating and solving these two equations, 
(52) 
Now let the output voltage 
EO 
and place the accelerometer a distance L from the center of gravity of a body such that 
. . 
X =#+L’8’ a i 
(53) 
(54) 
where x, = total displacement at the accelerometer location. 
Placing (53) and (54) in (52) results in the transfer function: 
EO -= 
k 
Q2 2 2 
I, 2-MlaJ] s2ei +(“l.el-M2a2)s2xa (55) 
+“2a2 
2 2 
> 
s +Ds+K 
Thus the accelerometer can be made to sense either g or j; or any combination 
of the two by adjusting the masses and distances. 
3.1.2.2 Force-Balance Accelerometers 
These accelerometers (Figs. 20 and 21) consist essentially of a mass that moves 
along an acceleration-sensitive axis and a device to measure the motion of the mass. 
The output resulting from 
the motion is fed to a high- 
gain amplifier whose out- 
put current flows through 
a force-balance coil that 
forces the displaced mass 
back to its original null 
position. In effect, the 
instrument is a high-gain, 
null-seeking servo in 
which the force-balance 
coil current is propor- 
tional to the acceler- 
ation applied. Figure 20, Schematic of Force-Balance Accelerometer 
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Figure 21. Block Diagram for Figure 20 
The closed-loop system is characterized by the following transfer function. 
EO R Kp Ka G,(s) 
-= 
Ai 2 s + KP Kc Ka M Gab) 
(55) 
where G, (s) is the transfer function of the stabilization (or shaping) network, typically 
a lag-lead network such as 
Since this type of accelerometer always operates about null, a very high degree 
of linearity can be made available. Accuracies of 0. OOOlg are within the capability of 
a nonpendulous type, while still lower thresholds are available from pendulum 
accelerometers. 
Such an analog force-balance type of accelerometer can be modified so that it is 
pulse-torqued, providing an output that is essentially digital. In operation, current 
pulses flow through the force-balance coil at a repetition rate proportional to acceler- 
ation. If these pulses are counted for a fixed period of time (say 0.1 second), the 
accumulated count is proportional to the average acceleration over that time interval. 
If each pulse has the same energy, the pulse rate is proportional to acceleration. 
Since each pulse effectively represents a fixed increment of velocity, the instrument 
can furnish velocity data simply by counting pulses. Potentially, such accelerometers 
are even more accurate than their analog counterparts. 
3.1.2.3 Pendulous Gyroscope Accelerometers 
A pendulous integrating gyro accelerometer is a single-axis gyroscope with an 
intentionally large mass unbalance along its spin axis. An acceleration along the in- 
put axis causes motion about the precession axis. Mounted in a gimbal, on its own 
single-axis platform, the gyro is part of a null-seeking servo loop in which motion 
about the precession axis is detected and fed to a torquer to cause relative motion 
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between the gimbal and the platform. With a mass unbalance, m, an acceleration, 
A,, along the input axis creates an output-axis torque, mAx. To maintain the pickoff 
angle, 8, at null, the gyro is made to rotate about its input axis with angular velocity 
Therefore 
(53) 
which makes the instrument a velocity meter. 
A unique advantage of this type of accelerometer is its freedom from any Hookean 
type of restraint. Linear, unsaturable torque attributable to the pendulous element is 
balanced by a similarly unsaturable linear torque developed by the gyro’s precession. 
3.1.3 Platforms 
The principal function of a stable platform is to establish and maintain a refer- 
ence coordinate system with respect to space. To isolate it from the angular motions 
of the vehicle, the platform is mounted in a gimbal system that permits angular dis- 
turbances. Gyroscopes provide the orthogonal reference to which the platform is 
oriented. This orientation is maintained through a system of servos, or a platform 
controller. Therefore, a platform can be described as a cluster of gyros mounted 
within gimbals that are controlled by the outputs of the gyros through servo loops. A 
great variety of platform types can be produced by various arrangements of gimbals 
and gyros. A detailed study of such a complex instrument is obviously beyond the 
scope of this monograph. The treatment here is restricted to a cursory look at plat- 
form representation in stability and control loops. 
Fig. 3 illustrates a typical single-axis platform using an SDOF gyro. The gyro 
input and output transfer functions, Eqs. (32) to (34), were based on the same plat- 
form-mounted gyro. Referring again to the figure and equations, stabilization of the 
platform is accomplished by using the pickoff angle between the gyro gimbal and the 
platform to drive the platform servocontroller. Fig. 22 shows schematically a 
simplified stabilization or alignment loop for such a platform. The symbols used are 
defined in the same manner as those employed in Eqs. (32) and (33). Like all servo 
loops, the alignment loop is subject to the same criteria of stability and response over 
a range of operating frequencies. The diagram is basic and does not include the com- 
pensating functions required to ensure adequate damping and gain and phase margins. 
Command inputs refer to those employed to control the platform motion. Examples 
of these are: constant “earth-rate signal” to rotate the platform at the angular velocity 
of the earth, thereby keeping the platform fixed relative to earth; and a variable signal 
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Figure 22. Simplified Stabilization Loop for a Single-Axis Platform 
r - 
applied as a function of acceleration to rotate the platform at a rate proportional to 
acceleration. 
The single-axis platform was used for simplicity as an illustration of the function- 
ing of the gyro-stabilized platform. In general, the three-axis reference system is 
provided by two TDOF or three SDOF gyros mounted on three- or four-gimbal plat- 
forms. The analysis of these systems is complicated by many problems, including 
that of interaxis coupling where disturbances from one loop are coupled into another 
loop. 
From a practical standpoint, platform responses tend to be nonlinear; the effects 
of friction are particularly pronounced at low signal levels, where the platforms are 
usually operating. However, platforms are generally considered as “stiff” systems 
and, for low frequencies, can be linearized without very much error. For example, 
the transfer function, 
0 
f= 
(72s + 1) 
S2 
(59) 
( ,( 
T1s+l -+ 21:s+l 
w 2 wn ) n 
proved to be a good linear approximation to data provided by a manufacturer. (See 
Fig. 23.) 
For the stability and control of elastic vehicles, a simple transfer function like 
the one above may not suffice. More details may have to be introduced in the analysis. 
Normally, the bending mode is not included in the position loop, but for configurations 
where the slope of the first bending mode at the platform location is high with respect 
to the slope at the rate sensor location, an appreciable component of the male can be 
expected to register. This should be kept in mind for all vehicles where the position 
and rate sensors are at different locations, particularly when the position sensors are 
located in one of the upper stages of a multistage vehicle. Fig. 24 is a typical single- 
plane block diagram for the analysis of such a configuration with the vehicle and plat- 
form angles defined in Fig. 25. 
3.1.4 Angle-of-Attack Sensors 
The list of possible techniques for measuring angle of attack (ar) is quite long, 
and no attempt will be made here to provide a complete set of descriptions. Ref. 5 
gives descriptions and primary evaluations of many of the ideas advanced for CY 
measurements. This discussion will confine itself to only a few typical methods 
based on “direct” sensing. 
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Figure 23. Platform Frequency Response (Bode Plot) 
A basic principle used in stationary sensors is illustrated in Fig. 26. Since Q 
is normally obtained from the pressures of two or more appropriately positioned 
orifices, one may write 
P -P 
u L 
a=Kp -p f(M) fu$ 
T S 
where 
K = an appropriate constant 
M = the free-stream Mach number 
/3 = the sideslip 
‘T - ‘S = the measure of dynamic pressure, q 
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Figure 26. Stationary Angle-of-Attack Sensor 
With this type of probe, first-order dynamic requirements apply.only to the 
measurement of (PD - PL)/q. Dynamic pressure and Mach number vary slowly com- 
pared with the short-period variation of 0~. The function of fl cannot be neglected, 
since it does have short-period characteristics. One method of compensating is to 
mechanize the function as a change in the gain of the &-sensor. The permissible lag 
resulting from this fl correction will depend on the amount of dynamic crosstalk that 
can be tolerated. 
The transfer function that operates directly on b! depends on the pressure-ratio- 
sensing mechanism and the pneumatic characteristics of the probe, lines, and trans- 
ducer volume. 
The easiest way to get good dynamic response for pressure-ratio measurements 
is to drive transducers directly from bellows volume. The pneumatic line lag can be 
approximated by a first-order time constant 
where 
CL= the air viscosity 
P= the average pressure in the system 
vt = n a D = the volume of the sensing line 
V= the transducer volume 
In addition to this lag, there is a transportation time delay that becomes signifi- 
cant only with long pneumatic lines between the sensor and the transducer. 
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Including the time constant of the bellows transducer (rb), the transfer function 
for the sensor is given by 
or m K eBas - .= 
a! 
( 
Tf + 1 
)( 
TbS + 1 (6 1) 
‘where 
K= an arbitrary constant 
a = the line transport time delay 
% = the pneumatic line lag 
r b = the time constant of the bellows-transducer 
&rn = the measured angle of attack 
With the small volumes associated with these instruments, extreme accuracies 
cannot be obtained, because the measured pressure ratio must be high enough to over- 
come friction in the system. Roth response and accuracy deteriorate at low values 
ofq. 
Servo-driven pressure-ratio sensors offer potentially higher accuracy. Replacing 
the bellows transducer above with a q-sensitive servo loop yields an equation of the 
form 
(62) 
where 
K1 = an arbitrary constant (# W 
7 = the servomotor time constant m 
KS 
= the servo gain, a function of q 
1 
KT 
= the servo rate feedback gain 4 I 1. 
The moveable sensor is usually designed to point into the relative wind, with the 
angle of attack being derived from its position relative to the airframe. This class 
of sensors can be subdivided into simple vane types and powered null-seeking devices. 
The two are similar in that CY is read from the position of the sensor. 
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The aerodynamic-vane type presents a simple and reliable solution to cy measure- 
ment. Accuracies of l/4’ or less are attainable at supersonic speeds. Subsonic 
operation brings upwash errors, which can be as high as lo at a 5’ angle of attack. 
The latter is a position error and can be compensated for as a function of Mach 
number. 
‘A typical example of this type of sensor is a straightforward NASA design(lO) 
shown schematically in Fig. 27. Its transfer function is given by 
$(s) = 
C 
L. 
ot - s+l C 
L 
01 
V 
I 
I 
qAxCL ’ 
F (Ampl.) 
qAx CL > 
s+l 
01 CY 
V V V 
where 
cL 
& 
V 
cL 
cl! 
V 
I 
X 
acL = 
at+ 
acL =- 
a% 
= moment of inertia about x 
= distance from the center of pressure to E 
F (Ampl. ) = effective damping from friction 
8 = the vane position relative to the vehicle reference 
= the angle of attack of the vane 
(53) 
The light weight of this vane contributes to its good characteristics in terms of 
damping and frequency. 
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Potentially greater 
accuracies may be attain- 
able with the null-seeking, 
servo-driven, moveable 
sensor. The device has 
pair of orifices located 
symmetrically about a 
reference axis and is 
a 
driven by a servo so that 
pressures on the two 
orifices are equal. Since 
the servo is usually lo- 
cated near the probe, 
pneumatic lags are negli- Figure 27. Aerodynamic, Vane-Type cu-Sensor 
gible . The range of differential pressure to be measured need not be large; hence 
good dynamic response can be expected. The characteristics of this type of sensor 
should be dominated by those of the servo that drives the null-seeking head. Typically, 
K 
m s2+ 
K s+l 
S 
(64) 
KS is a function of q. Unless some gain-scheduling is provided, the servo should 
be designed with adequate response set by the lowest dynamic pressure to be encountered, 
and stability should be determined by the highest. The transfer function varies from 
heavily damped, essential.ly first-order response at low q values to highly damped, 
second-order response at high q’s. 
It should be noted that Q is the total angle measured at the sensor location. 
01 vehicle 
=CY 
rigid - (65) 
i 
where 
o(i) = negative slope of the ith bending mode in the plane of the sensor 
R 
m = distance from the vehicle c. g. to the sensor location 
q(i) = generalized coordinate of the 1 th bending mode 
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3.2 ACTUATING ELEMENTS 
The function of an actuator in a servo system is to provide the motive power to the 
control element (vehicle controls). ‘Jhe selection of an actuating device, therefore, is 
determined primarily by the power requirements of the control load. Other factors to 
be considered include the dynamic characteristics, the power sources available, and 
the physical and economic limitations of the equipment as well as its reliability. 
Actuators generally available for application to launch vehicle systems fall into 
three broad categories: electrohydraulic, electromechanical, and pneumatic. The 
last two have found only limited usage, mainly in small missiles. The weight, space, 
and power required by electric motors to move large control loads make them rather 
unattractive except under highly restrictive conditions. The problems attendant to 
pneumatic systems center about their relatively lower frequency resonance and their 
lack of fine positioning accuracy. 
The electrohydraulic servo represents a good compromise of the characteristics gen- 
erally required for control actuation in launch vehicles and therefore has gained the 
‘widest acceptance in the industry. 
3.2.1 Electric Motors 
Because of the abundance of literature available on electric motors, the discussion 
here will be restricted to a few general remarks regarding their characteristics. 
A-c motors are usually employed for the smallest power requirements, up to 
approximately 100 watts. They can be disregarded when considering the types of con- 
trol elements involved in launch vehicles, although they are capable of moving sizable 
loads over small distances. The transfer function for these motors has the general 
form 
9 K -= 
E i S(TS + 1) 
where 
E i = the input voltage 
e = the output shaft position 
K = the motor constant 
7 = the motor time constant 
(66) 
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Addition of feedback elements yields a second-order position servo. 
D-c motors are more generally used in larger power applications, since they can 
generate higher torques more efficiently. In addition, they offer larger power/volume 
ratios. For a given set of torque and velocity requirements, the armature-controlled 
(shunt) motor will usually give the fastest dynamic response. A field-controlled unit 
provides good economy of control power but lacks inherent damping and is useful only 
when slow response can be tolerated. It is also inefficient in overall use of electrical 
power, since high armature currents must be maintained for proper control, regardless 
of output. The servo using a series motor would probably best meet the needs of the 
majority of direct-coupled electrical control actuation requirements. It provides the 
highest stall and low-speed torque for a given motor weight. 
The transfer functions for the three types are essentially of the same form, a 
third order that can be simplified by neglecting armature and field inductance. For 
the series motor, the linearizing process used to arrive at the third-order transfer 
function involves extreme assumptions of proportionality; therefore the results are 
good only for small disturbances about some specific operating point. 
3.2.2 Pneumatic Actuators 
The following definitions and symbols are used in this section. 
Ae10 (-4,20) 
A1 (A21 
C 
‘d 
fC6 
g 
i 
IR 
Ki 
KM 
Effective orifice area 
Average effective inlet area from extend (retract) 
side of the cylinder 
Average effective exhaust area from extend 
(retract) side of the cylinder 
Piston area on extend (retract) side 
The negative of the partial of the nonlinear flow 
coefficient, N, with respect to pressure ratio 
Discharge coefficient of orifice 
A generalized friction representation 
Acceleration due to gravity 
Valve input 
Load moment of inertia as seen by the actuator 
Valve input gain 
Mounting structure spring constant 
in.2 
in. 2 
in. 2 
in.2 
N.D. 
N.D. 
in. -lb/rad/sec 
366 in. /sec/sec 
milliamp 
lb-in. -sec2 
in.2/ma 
lb/in, 
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KR 
m 
n 
P 
p1 P2) 
%o lP20) 
‘d 
pU 
pS 
pL 
R 
R 
g 
r 
T 
t 
V 
VlO V20) 
W 
wlc (W2c) 
Wlv (W2v) 
X 
wol (Wo2) 
Y 
B 
Load spring constant 
Mass of gas 
Polytropic index 
Absolute pressure 
Absolute pressure in extend (retract) side of 
actuator 
in. -lb/radian 
lb-sec2/in. 
N.D. 
Psi 
Psi 
Average pressure in extend (retract) side of Psi 
actuator 
Downstream pressure psi 
Upstream pressure Psi 
Supply-source pressure Psi 
Load pressure (= P1 - P2) Psi 
Length of lever arm in. 
Ideal gas constant ---- for air 640 in./% 
---- for most solid propellants 900 in./‘R 
Ratio of downstream to upstream pressure to just N.D. 
give sonic flow in an orifice (0.53 for most gases) 
Absolute temperature OR 
Time set 
Volume in,3 
Average volume in extend (retract) side of in.3 
cylinder 
Weight rate of flaw of gas lb/set 
Weight rate of flow of gas into the extend (retract) lb/set 
side of the actuator 
Weight rate of flow of gas from the extend 
(retract) side of the valve 
Position displacement 
Weight rate of flow of gas from supply port 
through exhaust port during steady-state null 
position of valve and actuator 
Ratio of specific heats of power fluid 
Change in exhaust area per change in inlet area 
lb/set 
in. 
N.D. 
N.D. 
N.D. 
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The pneumatic positioning servo is most often referred to as the “hot gas servo, ” 
since a hot gas is often used as the working fluid. The following treatment is not re- 
stricted by the temperature of the gas and therefore applies to cold as well as hot gas 
systems. 
Pneumatic systems usually derive their high-pressure working fluid from either 
a high-pressure storage bottle (cold gas) or a gas generator (hot gas). Figs. 28, 29, 
and 30 picture the three main configurations of pneumatic systems using hot and cold 
gas. In all three designs it is common practice to exhaust the working fluid over- 
board, since it is less costly to store a large quantity of high-pressure working fluid 
in the form of solid, liquid, or gas and exhaust it overboard than to include the plumb- 
ing and pumps necessary to repressurize and reuse the fluid. 
In all these systems, the gas supply pressure downstream of the regulator may be 
considered constant. In addition, since the control valves have resonances well above 
the overall system bandwidth, one may ignore the higher-order valve dynamics. 
Solid-Propellant Pressure- 
d Regulating =-W 
Servo 
Gas Generator Valve 
Gases Exhausted Overboard 
Figure 28. Solid Propellant Hot Gas System 
I 
Boot Strap Pressurization Line i 
L I w----m-- ----A 
Liquid Propellant 
Gas Generator 
Fi&re 29. Liquid Propellant Hot Gas System 
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Pressure- 
Regulating b 
Valve 
Spent Gases 
Exhausted Overboard 
Figure 30. Stored Gas System 
Four basic relationships are required in the analytic treatment of pneumatic 
servos: 
a. Valve spool motion to valve current. 
b. Orifice equation- gas flow versus orifice area and pressures. 
C. Piston and cylinder relationship between volume changes, flow, and pressure. 
d. Load pressure equations relating piston pressures to load response. 
The first relationship is assumed a simple proportionality if the dynamics of the 
valve are neglected. E3y the nature of the gas laws, the second and third are nonlinear 
and require a small perturbation approach to provide reasonable linearization. The 
final relationship is well established by definition. Combined, these relationships lead 
to the transfer function @/iv) of the servo actuator. 
Pneumatic Orifice 
The weight rate of flow of a gas through an orifice is described by 
% pu W=N FiT 
where N = N(Pd/P,) is the nonlinear flow coefficient for a compressible fluid. 
(67) 
For subsonic flow, 
‘d 
i?- 
U 
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and the coefficient is commonly given by 
For supersonic flaw, 
and 
N=r 
A simpler, 
subsonic flow is 
N=r 
more easily manageable 
given by 
1 
expre s sion that yields the same results for 
(69) 
Eq. (67) can be linearized if it is assumed that the variables are limited to small 
excursions about their average values. Taking the differential of W, 
1 - 
dW =fi 
AhPUdN + AhN dPu + PuNdA 
h (76) 
where dN,as it appears, is not a useful variable and must be found in terms of Pd/Pu. 
dN = $3 d() = -$ pudpdP;2pddpu) 
(71) 
. 
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Combining (70) and (71), 
dW (73) 
which describes the change in the weight rate of gas flow through a sharp-edged orifice 
as a function of area and pressure variations. 
Piston and Cylinder 
The time differentiation of the equation of state, PV = mg RgT, for a volume of 
gas yields 
V T PV (73) 
where w = d(mg) 
dt 
Assuming a polytropic process for the control volume in the cylinder, the pres- 
sure is related to the temperature by 
n-l 
(4 
P” 
T = constant (74) 
where n ranges from 1.0 for an isothermal process toy for an adiabatic process. The 
time differentiation of (74) gives 
-=, (75) 
Substituting Eq. (75) in (73) to eliminate the temperature terms, a time-variable 
volume relationship is obtained as 
1 1 
W=Rg ii I( ) 
vlj+p+ 
I 
(76) 
Taking the small perturbation approach as before, a linear approximation to 
Eq. (76) can be written by assuming the coefficients of the differential quantities to 
be average values over one cycle and denoting these values by the subscript ( )o. 
W= & $ vo++po+ 
g I( ) 1 
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(77) 
Since 
dV dx -= 
dt Adt 
the weight rate of flow to both sides of the piston-cylinder combination can be de- 
scribed by 
1 (76) 
P l 
2 2ox I 
Combined Orifice, Valve, and Piston 
An open-center (underlap) valve is assumed such that there is always a flow of gas 
through it* (Fig. 31). This type of valve is popular for vehicles with short mission 
times and is relatively easy to analyze. A closed-center valve with a small overlap 
will have the same type of linearized transfer function. 
For simplicity, assume 
N = r. Then, neglecting the 
wV = fV,P) 
that both inlet and exhaust orifices are choked such that 
valve actuation dynamics, 
where Y is the spool displacement, a function of input current. 
Using Eq. (72), the effective flows from the valve can be written as 
W Iv =~[Ki(Ps+aP~O)i-AelOPl ] (79) 
: 
W zv =~~i(Ps+PP20)i-AeZOP2 ] 
*The weight rates of flow through the two sides of the system at a steady null position 
are given by 
rAe 10 p1o rAi 
w = 
10 ps 
01 fi =fi 
rAe 
w = 
20 p20 = rAi20 ps 
02 EF CF 
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r-- 
Figure 31. Pneumatic Positioning Servo with Open-Center Control Valve 
Combining Eqs. (78) and (79) relates the actuator behavior to the valve input. 
A P 
i= 1 10 dx 
V 10 dP1 
RgT dt ‘$ Ae10 ‘1 ’ n Rg T dt (80) 
dx +z Ae 
V dP2 
dt J;I 
2. P2 + -Z- - 
nRg T dt 
It should be noted that numerous assumptions have been made in obtaining Eqe. 
(80). The temperature of the gas in the actuator may not be the same as the temper- 
ature of the valve, but this can be handled by modifying the value of average exhaust 
area or valve gain appropriately. Piston leakage or other considerations, such as 
stabilizing volumes, may be included in the equations by application of Eqs. (72) and 
(77). 
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The introduction of the following additional assumptions results in a considerably 
simplified final expression. 
P 
10 = p20 
A1 = A2 
Ae10 = Ae20 
V 10 = v20 
Combining Eqs. (80) and incorporating the above results in a single expression 
for the valve and actuator, 
2A P 
- - ’ “dx+LAe 
’ - RgT dt sii; 10 pL 
V 10 dPL +-- 
nRgT dt 
Actuator Load Pressure 
Assuming a balanced actuator and the linearizing condition of operation about 
steady-state operating points, the actuator load pressure is given by 
A1 pL f(i)a+IR’6’ 1 
(81) 
(See Fig. 31.) 
The friction term, f(i), cannot be linearized for general inputs. However, its 
effects can be studied on computers or lineark-sd for sinusoidal inputs by means of 
describing functions. (For more details on thL .atter, see Sec. 3.2.3.1.) 
If the actuator mounting can be described as a simple spring, the load displace- 
ment differs from the piston displacement as follows, 
x = R8+ A1 pL 
KM 
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(33) 
Combining Eqs. (82) and (83) gives: 
KMx = [KMR+!$]~+~~+$~ (84) 
Combined Transfer Function 
The transfer function from valve input to either actuator position or load position 
can now be obtained by combining Eqs. (81), (82), and (84). The resulting expression 
is somewhat complicated, and a better feel for the various terms can be obtained by 
investigating the special case: 
f(b) = K, = 0 
KM = m 
The resulting expression gives the transfer function from valve input to load dis- 
placement of the open-loop servo. 
RgrKifi [ps +B PI0 1 -~ 
6 w _ A1 p1o R--i (s) C 
S 
vlo!R 2 AelOrkRgfi s+l 
2nA12R2 P 
s + 
10 2 P10R2A12 
(85) 
Eq. (85) indicates a number of basic facts concerning gas servo behavior: 
a. The open-loop gain is proportional to the square root of the absolute temperature. 
b. The open-loop natural frequency is not a function of temperature. 
c. Some damping is available as a result of the average exhaust area, but this damp- 
ing is temperature-dependent. 
The most common form of gas servo has fixed inlet orifices and variable exhaust 
orifices. Eq. (85) is not directly applicable to such a valving configuration withcut a 
few minor changes. The modification consists of redefining /3Ki in terms of the ex- 
haust orifice only and allowing fi to approach infinity while Ki approaches zero’ and the 
value of flKi is held constant. The net result is that the supply pressure drops out of 
the expression for gain. 
For most applications in a closed-loop position servo, the open-loop natural fre- 
quency is not sufficiently high with respect to control frequencies that it 0811 be ignored. 
Some form of the derivative of position is required in the feedback for damping. The 
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resulting closed-loop transfer function will be at least third-order and probably of 
even higher order; the pri,ncipal behavior can be adequately described with a second- 
order equation. In the absence of more detailed information, a second-order system 
with a natural frequency equal to the open-loop natural frequency and a damping factor 
of 0.3 to 0.5 may be used. For a more detailed treatment of the subject see Ref. 15. 
3.2.3 Hydraulic Actuators 
Hydraulic systems offer a number of advantages over both electrical and pneu- 
matic types. They have greater power-carrying capability and can deliver much 
larger torques than electricaI equipment of comparable size and weight. For con- 
tinuous operation, they offer a minimum equipment/horsepower ratio. Where inter- 
mittent operation is required, a hydraulic system can provide large amounts of power 
from a small-volume accumulator. Their dynamic characteristics are expressed by 
small time constants; they develop much higher peak T2/I (torque, inertia) ratios 
than electrical motors of the same peak power. These attributes, among others, have 
contributed to the wide acceptance of hydraulic systems to fulfill the control actuation 
requirements of launch vehicles. 
The most common form of utilization in vehicle control loops consists of a high- 
pressure supply (pump), an electrohydraulic servovalve, a hydraulic actuator (cylinder), 
a feedback transducer, and a servoamplifier. Many systems presently in use also 
include an accumulator, which acts as a hydraulic capacitor in the system. 
The hydraulic power supplies currently used are of two main types. One employs 
a variable displacement pump whose flow output is controlled by means of a servo 
sensing the high-pressure side of the hydraulic system. A relief valve is also con- 
nected from the high-pressure side to the low-pressure side (hydraulic reservoir) of 
the system to minimize pressure transients above the operating pressures of the sys- 
tem. For normal operation, the relief valve remains closed, opening only when pres- 
sures exceed a value overcoming the preload on the relief valve. The second type uses 
a fixed-displacement pimp with a relief valve to maintain the supply pressure within 
set limits as well as to meet the normal flow requirements. In this system the relief 
valve is normally open such that supply pressure and valve opening, which is dependent 
on supply pressure, maintain flow through the relief valve equal to the flow output of 
the fixed-displacement pump. When there is a flow demand the relief valve closes and 
the supply pressure is therefore reduced. 
The dynamics of both power supply and relief valve will be discounted in the en- 
suing discussion. Roth normally exhibit a fairly flat response with minimal phase 
shift within the bandwidths of overall control servo loops. This being the case, supply 
pressure will be assumed constant at the value of zero flow demand, 
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Electrohydraulic valves are usually designed for flow control or pressure control, 
or a combination of the two. A difficulty in assigning linear transfer functions to re- 
present servovalve response is that these units are highly complex devices that ex- 
hibit high-order, nonlinear responses. Still, representation is necessary only in the 
frequency range of interest and this can usually be done by first- or second-order 
approximations. Ref. 13 gives transfer functions for some standard valves. These 
vary from a simple lag, as a good low-frequency approximation for a flow control valve, 
to more complex representations for other types. The model, of course, can be fur- 
ther approximated by a simple gain for applications below the valve corner frequency. 
Stability analyses of electrohydraulic control systems based on linear transfer 
functions can be only qualitatively correct for systems that are inherently nonlinear. 
Such analyses merely indicate the results that would be obtained if the system were 
linear and therefore have no real quantitative significance. The following 
derivations are intended to illustrate how the form of the linear representation of an 
actuating system can be used to describe the nonlinear model. The method is due to 
Backup; its results have been successfully employed on existing vehicles. 
3.2.3.1 Electrohydraulic Position Servo 
The following definitions and symbols are used in this section. 
A 
B 
cV 
CB 
cf 
CL 
cL 
% 
6 
6, 
gE 
GNL 
ii 
Ka’ 
Effective piston area 
Bulk modulus of hydraulic fluid 
Viscous friction coefficient 
Coulomb friction coefficient 
Equivalent admittance for gimbal friction 
Discharge coefficient for leakage bypass orifice 
Equivalent admittance for CL 
Input command to servoamplifier 
Engine deflection (gimbal angle) 
Feedback signal to servoamplifier 
In-phase component of equivalent admittance 
Equivalent admittance for nonlinear element 
Current in servovalve coil 
Moment of inertia of engine about swivel point 
Servoamplifier gain 
ft2 
lb/ft2 
ft-lb/rad/sec 
ft-lb 
ft-lb/rad/sec 
rad 
rad 
rad 
ma 
sl-ft2 
ma/volt 
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KC 
KC 
KC’ 
KF 
K 
2 
K, 
Kl 
K2 
‘a 
% 
pL 
pS 
pR 
QV 
R 
Tf 
TL 
vC 
VE 
vF 
VT 
xC 
xP 
X V 
No-load open-loop velocity gain 
Effective (at load) open-loop veiccity gain 
Effective (at load) open-loop velocity gain (under 
Icw load pressure assumption) 
Feedback transducer gain 
Spring constant of mount 
Spring constant of piston rod 
Valve flow gain 
Valve input displacement gain 
Proportionality constant 
Orifice leakage coefficient 
Spool leakage coefficient 
Pressure differential across piston 
Supply pressure to valve 
Reservoir or exhaust pressure 
Fluid flow rate 
Moment arm of the actuator about the engine 
gimbal point 
Frictional torque at gimbal 
Load torque 
Control signal to valve 
Error signal 
Feedback signal 
Total volume of fluid under compression 
Cylinder mount displacement 
Piston rod displacement 
Valve spool displacement 
rad/sec/rad 
rad/sec/rad 
rad/sec/rad 
volts/foot 
Ib/ft 
Ib/ft 
(ft3/sec)/ma&72 
ft/ma 
(ft3/sec)hd~ 
(ft3/sec)/(lb/ft2) 
(ft3/sec)/(lb/ft2) 
lb/ft2 
lb/ft2 
lb/ft2 
ft3/sec 
ft 
ft-lb 
ft-lb 
volts 
volts 
volts 
ft3 
ft 
ft 
ft 
vC 
= RKFbc 
vF = KF(Xp -xc) 
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r 
vE = vc - VF 
The electrohydraulic servo used to gimbal engines for control through thrust- 
vectoring is a highly nonlinear device. Fig. 32 is a simplified block diagram of such 
a system used as a position servo. 
Structural 
Compliance 
Servoamplifier 
Servovalve __) Actuator 1 6 
R 
Feedback 
Transducer 
4 
Figure 32. Block Diagram of Thrust Vector Servo 
The servoamplifier can be assumed to be linear, as can the feedback transducer, 
since both are usually designed so that their saturation limits are above those of either 
the flow limit or actuator stop. The servovalve is a flow-control type coupled to an 
actuator having a leakage orifice across the load piston to provide damping. The out- 
put piston rod is hinged to a rocket engine that moves about its gimbal point (Fig. 33). 
The transducer feeds back the motion of the rod to the servoamplifier. 
We can assume that the flow from the servovalve into one side of the actuating 
cylinder is equal to the flow out of the other side. For relatively low load pressures, 
this flow of hydraulic fluid, Qv, from the servovalve is given by 
&v = K2xvdm-avPL (89) 
where ,$, PL represents the leakage across the spool and K2 is proportional to a dis- 
charge coefficient that may vary with both the spool displacement and the actuator 
load pressure. The present derivation assumes a constant value. 
The total flow to the cylinder is the sum of the piston displacement flow, leakage 
flow, and compressibility flow, such that 
The actuator load pressure depends on the dynamic equilibrium of the control sys- 
tem. Assuming that the system damping and spring rate are provided by the load 
torques and friction torque, 
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Figure 33. Schematic of Electrohydraulic Servo System 
IR (91) 
where 
TL = TL+Tf 
The torque, TL, consists of all inertial load torques due to the accelerations of 
the various body modes, rigid and elastic. Tf is the torque due to gimbal friction and 
can be expressed as a combination of viscous (Cv) and coulomb (Cd friction. 
Tf = Cv~+CBsgn~ (92) 
The load pressure, PL, displaces the piston rod and engine. With respect to the 
cylinder, this displacement is obtained from 
APL = K 
~A%-R6) 
(93) 
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The displacement of the cylinder relative to the vehicle structure is obtained from 
A PL = -Kmc xc (94) 
Substituting (93) and (94) in (90) and then combining with (89) yields 
[.+A2(I+$-J]PL+(ka+~v)~L = K2xvJn -AR6 (95) 
The spool displacement xv, is proportional to the valve current. 
xv = Kit 
Given a linear amplifier, Ki 
X 
V 
= KIKa’ VE 
= KIKa’ (% - vF) 
(96) 
(97) 
(98) 
Introducing (86) and (87) in (98) and substituting (93) and (94) in the resulting ex- 
pression, the valve displacement can be written as 
X 
V 
= K1 Ka’ KF [R(v+o + zgPL] (99) 
Combining (95) and (99), 
= Ka’Kv KFR b/d -AR& 
( > 
where Kv = Kl K2, the valve flow gain parameter. 
After substituting this in Eq. (91) and simplifying, we obtain, in Laplace notation, 
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(The equivalent block diagram is shown in Fig. 34. ) 
This may be reduced to 
or 
where 
+2Qwcs2 + uc2s + Kc uc 2b 
1 
= Kc wc2 d, - f. 
k( 
B + 2 cc oc 
> 
T;(102) 
J 
6 = Kcdc 
Kc = 
K; KF Kv Jm 
A 
4 BA2R2 
Tt vT 
2 R2 K 
Op =k mp 
mc 
(103) 
1 1 1 
2 =-+- 2 2 
uT Op wm 
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Spool 
Leakage 
Servovalve 
l 
L 
+ AR 
Feedback 
Transducer ------ 
- 6 -7 
K’&& ! 
I, F AI 
I- ------- J 
-A 
K 
mc 
A 
ii- 
mP 
Figure 34. Block Diagram of Electrohydraulic Swivelled Rocket Engine Position Servo 
The accounting of structural compliance and fluid compressibility in body bending 
computations, or the neglect of these effects for low-frequency applications, leads to 
which results in the simplification of Eq. (103) to a first-order expression. 
If the mount and rod compliance (l/K,) is included in the vehicle flexibility when 
the body bending modes are computed, this compliance correction is expressed as a 
function of the modal coordinates instead of the load pressure. In this case, or if the 
compliance is otherwise neglected, 
and parameters wc and cc of Eqs. (102) and (103) reduce to 
If the fluid compressibility is either neglected or accounted for in the body bending 
modes, then the term is omitted from Eq. (90) by setting 
Therefore, 
and Eq. (103) reduces to 
6 KC -=- 
6 s+K 
C C 
(105) 
Thus a set of simultaneous linear and nonlinear equations has been assembled 
into a linear expression, Eq. (103), and simplified to Eq. (105). In some cases, these 
may serve as first approximations to the system but will prove rather difficult to 
solve analytically when all the terms are correctly represented. Significant non- 
linearities may occur in the valve gain, K,, which is a function of valve current and 
hydraulic pressures; in the half-power flow functions of hydraulic pressure; in the 
piston orifice flow; and in the gimbal bearing friction. However, the above equations 
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may be used if equivalent linear terms can be found to describe the nonlinear 
functions. 
The assumptions that justify a describing function analysis are well met in the 
elastic coupling study application; i.e. , the signals are almost “purely harmonic, ” 
and frequencies other than the fundamental are greatly attenuated. These conclusions 
follow because the significant modal roots are very lightly damped and enjoy a suit- 
able frequency separation,and the various modes are weakly coupled. 
In Eq. (89), in combination with (98). linearization is implied in that Kv and Av 
are assumed constant. This is a good approximation for many commercial flow- 
compensated valves and can be further justified (if K, should vary somewhat) by as- 
suming a mean value for a range of operating conditions. Of course, a more elaborate 
valve flow model could be used to remove the restrictions (small amplitude at the 
higher frequencies), due to the low load-pressure approximation. 
Removing this approximation, the valve flow can be described more generally by 
Qv = ivKv J (Ps - PR + PLsgn iv 1 sgn(Ps - PR + PL sgn iv) (106) 
where Kv can be derived empirically as a function of PL and iv. The resulting func- 
tion would include the leakage across the spool. In the following treatment, it will be 
assumed that the valve flow is parabolic and that Kv is a function of only PL, 
In Eq. (90)) the leakage coefficient, .& a, was used as a linear proportionality 
constant under the assumption of either laminar flow or very small perturbations 
about nominal. A more general definition of the leakage orifice flow is given by 
cL d- IPJ SgnPL 
and Eq. (90) can be rewritten 
Qv = A(Gp-jic)+cLj/~ sgnpL+ &p, (107) 
The nonlinear equations, (91), (106), and (107), may be linearized as follows. 
+c’ vT p +-fi 
L L 4B L 
= iv Kv ,/Pg - PR + pL (108) 
53 b’ +TL+Efb = R(ApL) 
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uw 
where Ef” = Tf 
cL = the equivalent admittance for the leakage orifice discharge parameter 
and 
a. 
cf = the equivalent admittance for the gimbal friction 
CL and ef are both amplitude- and frequency-dependent. 
Equivalent Admittance 
Assume the input signal to a nonlinear element to be 
x1 = aI sin wt 
The output signal from the nonlinear element would be periodic and may be ex- 
pressed as a Fourier series in the form 
x2 = n c An sinnwt + c 
Bn co8 n wt 
n 
The coefficients of the fundamental components are 
k 
n 
A1 =$ x2 sin cl)t d(U) 
n 
B1 =$ 
/ 
x2 cos ut d(wt) 
I7 
By definition, the equivalent admittance (nonlinear gain) is 
G 
x2 
NL =y where all but the fundamental frequency components are omitted for the output function. 
G 
A1 sin wt + B1 co8 wt 
NL = aI sin wt 
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Since the motion is quasi-harmonic, j = S/W, and 
G bE NL = gE + w ’ 
where 
x2 sin wt d(ot) 
x2 COB wt d(wt) 
(110) 
(111) 
Applying the results to the actuator load torque due to gimbal friction, the object 
is to determine what linear coefficient, cf, should be used, at a particular amplitude 
and frequency, in the linearization of Eq. (92) as represented in Eq. (109). 
Tf 
6 
= Ef = GNL 
Assume 
6 = aT sinwt 
where 
b is the inplt amplitude 
Then 
Tf sin ot d(wt) 
sin wt d(4) 
sin2 o t d(Ut) 
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and 
bE = 0 
Therefore, 
cB 
cf 
- =c +Q--m- 
v 1rw6 
For the leakage orifice flow, we assume 
P L 
= PL sin ot 
=- sin3j2 ot d&t) 
bE = 0 
Therefore, 
c’ = 
1.11 CL 
L 
v- 
i, L 
b. Effective Servovalve Velocity Gain 
Rewriting Eq. (106)) 
-=KvvR [dx] QV i 
V 
(113) 
(114) 
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and assuming that the load pressure PL < (PS - PB), the last term can be expanded as 
a power series. 
Let 
i 
V 
= 5 sin (wt) 
P L = sLsin(wt-@) 
(115) 
I (116) 
where $3 is the phase angle (assumed lagging) of PL with respect to iv. 
The equivalent admittance for the servovalve flow is defined by 
Qv sin w t dw t, 
Using only the first two terms of the expansion, 
fzE = Kv~~~v~i~(ps~p~]sin~td(~t) 
Substituting (116) into the above and integrating, 
gE = Kv dm[l+j?; (ps:pR) ccwj (117) 
The reactive transmission of the equivalent admittance, bE, is not zero. HCW- 
ever its effect has been found negligible for most practical purposes. 
Introducing (117) into (108) yields 
+c’ vT . 
L L 4BPL 
p +- = iv K/Y dm (118) 
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where 
a=1+4 pL ( ) 3s Ps-PR cos@ 
Since the velocity gain 
Kc = Ka’ KF K, m 
Eq. (118) leads us to define an effective velocity gain as 
KC 
= cuK 
C 
where Kc is amplitude- and frequency-dependent. 
Solving and rearranging as before, we obtain the following equivalent linear 
transfer function: 
I[ &+g m 
r 
+jA2nZrCf(eL+cc <)]s+A~R’,~]~ 
= A2 R2 I? 6 c c-[k+ $)s+kL+fc <)]T, 
I 
6 + 3 LR EL+K s2 
where 
1 1 1 
c=r+ 
mp 
This, in turn, can be reduced to 
(119) 
(120) 
wcns2 + w 
2 
cn s + I$ ic2 6 = I$ uc2 6
I 
c -<i3+fo)TL (121) 
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A2 CLfi$ K 
m 
2 0 = bW2 (same as in 103a) 
C 
1 
2 2 cf 
w =o i-K cn c h -0 
22: 
cf 
cn wcn 
= co+- 
!R 
2 0 cn 
Cf Ii0 
-= li- 
2 
w 
C ZR WC2 
Dividing through by oc 2 yields 
21: cn Ucn K. Cf s+ 1+ - [ I,] +st 6 WC2 k”c2 c 
1 = 1$6/ - 
St “c2 
(122) 
For purposes of low-frequency stability studies, fluid compreesibility BB well a8 
mount and rod compliance can be neglected, leading to 
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and Eq. (122) can be approximated by 
6 Kc -=v 
6 s+K 
C C 
(123) 
Suppose we wish to retain the following assumptions: 
1. Low load pressm?es, PL << (Ps - PR). 
2. Negligible leakage across the valve spool. 
3. Kv a constant independent of PL and iv. 
Then we simply let CY = 1 in Eq. (119) and apply the results to (120). After re- 
arranging, we obtain 
= Kc%-[~+--&~L+. g)]TL 
where now 
(124) 
A2 
cL+KcTI- 
Ko= v 
m 
2+A2 
4B Km 
In the low-frequency range, Eq. (124) may be simplified by letting uc M~, and 
TLdO. Then we have 
6 KC’ -=I 
6 s+K 
C C 
(125) 
where 
KC’ 
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The equivalent linear transfer functions (121)) (123), etc. , are true only for 
s = Jo, although they can be sufficiently accurate for small-valued a in s = Q + jo. 
Therefore they can also be said to be approximately valid in the vicinity of the (jw)- 
axis. 
, The mathematical expedient of letting wc approach infinity implies that Km 4 OD. 
However, the term involving Km pp a ears in the definition of Kc’ above, by which it 
is implied that a finite (though large) value of Km is still a first-order effect for 
low-frequency studies. This is a property of the particular system (with given 
numerical values), and the validity of this approximation must be verified for each 
individual system studied. 
C. Determination of Equivalent Admittance 
-Th_e equivalent admittances determined in the foregoing require a knowledge of 
w, 6, pL, and # for their numerical calculations. First the amplitude (a’) and the 
frequency (0) of the output is specified. This permits calculation of cf, Eq. (112). 
Next, assume that the output load torque, TL, is either zero or of minor importance 
in determining the amplitude of actuator load pressure. This restriction ‘can be 
eliminated in digital routines, utilizing frequency-response or root-locus techniques, 
by employing an iterative procedure. 
From Eq. (log), 
Hence 
and 
@ 
-1 -Ef =tan - 
( > St* 
For giKen values of the system parameters, a ohart showing &, or Kg’ as a 
function of 6 and w csn be constructed. Each set of curvea is for partioular values 
of actuator parameters and will change as these parameters are varied. (See Fige. 
35 and 36.) 
Finally, note that in computing these ooefficiente, the amplitude (a’) used must he 
the total angle, since this is the angle through which the bearing friction couple a&e. 
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Figure 35. Low-Frequency Approximation, Kc’/(s + Kc’) ; Example 1 
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Figure 36. Law-Frequency Appmximation, Kc’/(s + Kc’); Example 2 
It is also the angle whose acceleration is related to load pressure, P,., in complting 
the leakage and other valve flow parameters. 
Comparison with characteristics obtained directly from testing of actual hard- 
ware is, of course, required for ultimate verification of analytical results, 
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